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Abstract
We explore wave-mechanical scattering in two spatial dimensions assuming that the corresponding
potential is invariant under linear symmetry transforms such as rotations, reflections and coordinate ex-
change. Usually the asymptotic scattering conditions do not respect the symmetries of the potential and
there is no systematic way to predetermine their imprint on the scattered wave field. Here we show that
symmetry induced, non-local, divergence-free currents can be a useful tool for the description of the con-
sequences of symmetries on higher dimensional wave scattering, focusing on the two-dimensional case.
The condition of a vanishing divergence of these non-local currents, being in one-to-one correspondence
with the presence of a symmetry in the scattering potential, provides a systematic pathway to to take ac-
count if the symmetries in the scattering solution. It leads to a description of the scattering process which
is valid in the entire space including the near field regime. Furthermore, we argue that the usual asymp-
totic representation of the scattering wave function does not account for insufficient account for a proper
description of the underlying potential symmetries. Within our approach we derive symmetry induced
conditions for the coefficients in the wave field expansion with respect to the angular momentum basis in
two dimensions, which determine the transition probabilities between different angular momentum states.
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I. INTRODUCTION
Symmetries play a significant role for the classification of eigenstates in wave mechanical
systems ranging from acoustics and optics to quantum mechanics. In particular the impact of
symmetries on wave scattering off a static potential in higher spatial dimensions has been ex-
plored in numerous works [1–3]. In most cases, when the potential decays rapidly at large radial
distances r, the asymptotic form of the wave profile –within the far field approximation– is used
[4, 5]. However, as discussed in the recent literature [6], this asymptotic representation does not
capture all details of the scattering process since it is not a solution of the underlying wave equa-
tion, unless the limit r → ∞ is taken. This approach raises the question about the preservation
of symmetry derived conditions, which have been posed before the limit r →∞ has been taken.
An argument used in the application of symmetries to wave mechanical scattering systems is
the independence of the form of the scattering wave function on the choice of the coordinate
system [5]. However, this argument is weakened by the fact that the incoming wave, possessing
a fixed asymptotic form, which is employed for the determination of the scattering wave profile,
restricts this coordinate system independence. Thus, the description of the impact of symmetries
in scattering systems is a subtle issue.
In one-dimensional wave mechanical scattering it has been shown that the signature of the
potential symmetry is carried by non-local currents constructed from the wave field at the orig-
inal and the symmetry transformed spatial point. In the presence of a symmetry of the time-
independent scattering potential, these currents turn out to be constant in space [7, 8]. This
property holds even for the case when the potential symmetry is not globally valid, but appears
only within finite spatial domains. In the latter case the constancy of the non-local currents holds
only within the corresponding symmetry domain [7, 8]. The relation of these spatially constant
currents to perfect transmission through potential landscapes possessing global or local symme-
tries, as well as their use as an order parameter to determine the corresponding phase diagrams in
the context of PT symmetry, separating symmetric from non-symmetric scattering states, have
been extensively studied in previous works [9]. Furthermore, recently it has been shown that
these currents are obtained, as a special case, from a more general continuity equation involv-
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ing currents constructed from wave fields satisfying two different wave equations [10]. Even
more, as shown in [10–12] such currents can be defined for arbitrary spatial dimensions d and
number of degrees of freedom N . The only significant change for d > 1 is that these general-
ized currents are not spatially constant any more but they possess a vanishing divergence. Thus,
the aforementioned generalized currents in dimensions d > 1 when applied to scattering in a
locally or globally symmetric potential become, in the sense mentioned previously, non-local
divergence-free currents.
Within the framework of wave mechanical scattering in higher dimensions it is natural to
ask if these, symmetry related, non-local currents could be useful for the description of the im-
pact of the potentials’ symmetries on the scattered wave field. We consider this question in the
present work, focusing on two-dimensional quantum mechanical scattering. As stated above, the
link between symmetries of the scattering potential and the resulting structure of the scattering
wave function is blurred by the fact that the boundary conditions implied by the scattering set-up
break, in general, some or all of the symmetries of the potential. As a consequence, the exact
wave function ceases to be an eigenstate of the associated symmetry transforms and therefore its
structure is not directly connected to the symmetries of the potential. Nevertheless, the condition
of zero divergence for the suitably constructed, symmetry induced, non-local currents discussed
above, is still valid. Since these currents contain the exact scattering wave field, their vanishing
divergence can be considered as a remnant of the potentials’ symmetry, which is broken at the
level of the wave field, due to the boundary conditions. In this sense the symmetry induced
divergence-free, non-local currents provide the missing link which is necessary for the identi-
fication of the impact of the potentials’ symmetries on the scattering field. To make practical
use of this property, we will first expand the scattering solution in the polar basis of the free
Schro¨dinger Hamiltonian in two dimensions and insert this expansion into the expression defin-
ing the non-local currents. Due to the symmetry breaking, an infinite superposition of radial
modes corresponds to each angular momentum state. Thus, the matrix determining the radial
part in this expansion ceases to be diagonal. In this description, the symmetries of the potential,
expressed by the vanishing divergence of these currents, lead to conditions on the matrix ele-
ments of the radial part, providing us with a determination of the symmetry induced structure of
3
the scattered state, based on first principles. In fact, these conditions lead to constraints among
the transition probabilities between the different radial modes.
Our work is organized as follows: in section II we present a short derivation of the symmetry
induced non-local currents for d > 1, as well as their polar form assuming d = 2. Additionally,
we show that these currents can be generated by a scalar potential, which exhibits the associated
symmetry properties. In section III we discuss the inconsistency of the usual asymptotic ansatz
for the wave field in 2d quantum scattering, with respect to the vanishing of the divergence of
the symmetry induced non-local currents derived in section II. In section IV we employ the
non-local currents to derive conditions for the stationary scattering dynamics, imposed by the
presence of a global symmetry in the time-independent scattering potential. Finally, in section
V we give our concluding remarks and shortly discuss possible extensions of our work.
II. DERIVATION OF DIVERGENCE-FREE CURRENTS
Since a multitude of physical experiments measure the outcome of scattering events, scat-
tering theory in arbitrary spatial dimensions is an important and still very active research field.
Here we will study quantum scattering in two dimensions adopting the viewpoint of divergence-
free non-local currents implied by the symmetries of the scattering potential. Our first task is
to derive these currents in Cartesian coordinates assuming the invariance of the potential under
specific geometric transformations implying certain symmetries.
In the following we will focus on geometric transformations t : r 7→ r¯ in R2 with r¯ =
t(r), which leave the magnitude of the vector r invariant and in addition they do not change
the location of the origin O = (0, 0) of the reference system. However, the procedure we
will develop, holds for more general cases, such as spatial translations or dilatations, as well.
Specifically, we will consider the following transformations:
• Reflection with respect to the y axis, (x, y) 7→ (x¯, y¯) = (−x, y) or in polar form (r¯, φ¯) =
(r, pi − φ), with r being the radial distance and φ the azimuthal angle.
• Reflection with respect to x axis, (x, y) 7→ (x¯, y¯) = (x,−y) or in polar form (r¯, φ¯) =
(r,−φ).
4
• Rotation in the x-y plane through a finite angle φ0, (x, y) 7→ (x¯, y¯) with
(x¯, y¯) = (x cosφ0 − y sinφ0, x sinφ0 + y cosφ0) or in polar form
(
r¯, φ¯
)
= (r, φ+ φ0).
As a special case of this transform we obtain, for φ0 = pi, the inversion with respect to
the origin.
• Exchange between x and y, (x, y) 7→ (x¯, y¯) = (y, x) or in polar form (r¯, φ¯) =(
r, pi2 − φ
)
.
All these transforms can be summarized in a single relation, as follows
r¯ = r, φ¯ = s± φ ; s = 0, pi
2
, pi, φ0. (1)
The stationary Schro¨dinger equation for a fixed energy eigenvalue E, in coordinate representa-
tion, is written as
HˆΨ(r) = EΨ(r) with Hˆ = − ~
2
2mp
∇2 + V (r) (2)
where Hˆ is the Hamilton operator and mp is the mass of the quantum particle. Denoting as Tˆ
the Hilbert space operator corresponding to the R2-transform t, we find that – since t does not
change the magnitude of a vector in R2 – the Laplacian operator∇2 is invariant under the action
of Tˆ . We further assume that the potential V (r) is also invariant under Tˆ which in turn implies
that Tˆ HˆTˆ−1 = Hˆ , i.e. the Hamilton operator Hˆ is invariant under the action of Tˆ . Under this
conditions, applying the transform Tˆ to Eq. (2) we obtain
HˆΨ(t(r)) = EΨ(t(r)) (3)
with Ψ(t(r)) = TˆΨ(r). We multiply Eq. (2) with Ψ(r¯) and Eq. (3) with Ψ(r) using the notation
r¯ = t(r). Subtracting the resulting expressions and taking into account that the potential is
invariant under the transform r 7→ r¯, i.e. V (r) = V (r¯) we find
Ψ(r¯)∇2Ψ(r)−Ψ(r)∇2Ψ(r¯) = 0 (4)
Eq. (4) can be written as
∇ · (Ψ(r¯)∇Ψ(r)−Ψ(r)∇Ψ(r¯)) = 0 (5)
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leading to the definition of the non-local, divergent-free stationary current Q(r, r¯) (NLC), in-
duced by the symmetry of the scattering potential V (r)
Q(r, r¯) =
1
2i
(Ψ(r¯)∇Ψ(r)−Ψ(r)∇Ψ(r¯)) (6)
Assuming that the scattering potential is real, one can use the complex conjugate of Eq. (2) and
repeat the previously described procedure, to define an additional non-local, divergence-free,
symmetry induced current Q˜ given as
Q˜(r, r¯) =
1
2i
(Ψ(r¯)∇Ψ∗(r)−Ψ∗(r)∇Ψ(r¯)) (7)
It is straightforward to show that the two non-local currents are not independent, but they are
related to each other through the constraint
Q(r, r¯) ·Q∗(r, r¯)− Q˜(r, r¯) · Q˜∗(r, r¯) = J(r) · J¯∗(r¯) (8)
where
J(r) =
1
2i
(Ψ∗(r)∇Ψ(r)−Ψ(r)∇Ψ∗(r)) (9)
is the usual, local probability current for a stationary energy eigenstate and
J¯(r¯) =
1
2i
(Ψ∗(r¯)∇Ψ(r¯)−Ψ(r¯)∇Ψ∗(r¯)) (10)
is the probability current evaluated using the wave field Ψ(r¯). Notice that in Eq. (10) the nabla
operator is expressed in the variable r and not in r¯, therefore J¯(r¯) 6= J(r¯). The condition given
in Eq. (8) is the higher dimensional extension of a similar relation holding in the one-dimensional
case [8].
One can show that the NLC Q(r, r¯) vanishes whenever the state Ψ(r) is an eigenstate of the
operator Tˆ realizing the transformation r¯ = t(r) in Hilbert space. Q can therefore be used as an
indicator (order parameter) for the symmetry breaking related to this transform, similarly to the
one-dimensional case [8]. Usually, in a scattering process, symmetry is broken by the incident
plane wave component Ψin(r) and therefore, in general, the NLC Q is different from zero. In the
present work, our aim is to show how the NLC Q can be used to gain information for a scattering
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state in two spatial dimensions. The path we will follow can, in principle, be transferred also
to the three-dimensional case. However, a detailed analysis of the latter involves a modified
analytical treatment and goes beyond the scope of the present study. It will be investigated in a
forthcoming work [13].
It is useful to express the components of Q in Cartesian and polar coordinates. Obviously,
the Cartesian components of Q are
Q =
1
2i
(Ψ(x¯, y¯)∂xΨ(x, y)−Ψ(x, y)∂xΨ(x¯, y¯),Ψ(x¯, y¯)∂yΨ(x, y)−Ψ(x, y)∂yΨ(x¯, y¯))
(11)
while the corresponding polar components are
Qr =
1
2i
(
Ψ(r¯, φ¯)∂rΨ(r, φ)−Ψ(r, φ)∂rΨ(r¯, φ¯)
)
Qφ =
1
2ir
(
Ψ(r¯, φ¯)∂φΨ(r, φ)−Ψ(r, φ)∂φΨ(r¯, φ¯)
)
(12)
where we have used the symbols Ψ , Ψ for the wave function in Cartesian and polar coordinates
respectively. Since Q is a complex two-dimensional vector, Cartesian and polar components are
related in the same way as a R2-vector
Qx = Qr cosφ−Qφ sinφ
Qy = Qr sinφ+Qφ cosφ (13)
It is interesting to notice that Q in two dimensions, possessing a vanishing divergence, can
be represented in terms of the gradient of a complex scalar ”potential” Φ(r) [14]:
Q = Rˆ−1∇Φ(r) ; Rˆ =
 0 −1
1 0
 (14)
which, in general, carries the information of the symmetry transform. A relation similar to
Eq. (14) holds also for Q˜ with a corresponding potential Φ˜(r). In fact, it is possible to invert
Eq. (14) and determine the generating potential Φ(r) in terms of the components of the current
Q. To this end we use the polar form of Q
Q = Qr(r, φ, r¯, φ¯)er +Qφ(r, φ, r¯, φ¯)eφ (15)
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where er, eφ are the unit vectors in the corresponding directions. Since in the polar representa-
tion (r¯, φ¯) can be expressed in terms of (r, φ) one can expand Q solely in terms of the degrees
of freedom (r, φ) as follows
Q =
∞∑
m=−∞
(Qm,r(r)er +Qm,φ(r)eφ) e
imφ (16)
Employing the expansion (16) and the vanishing of the divergence of Q we obtain
d(rQm,r)(r)
dr
= −imQm,φ(r) ; ∀m ∈ Z (17)
Setting m = 0 in Eq. (17) we find the general condition
Q0,r(r) =
C
r
(18)
with C a complex constant. From the relations
Qr =
1
r
∂Φ
∂φ
; Qφ = −∂Φ
∂r
(19)
implied by Eq. (14) we obtain
Φ(r, φ) = Cφ− ir
∞∑
m=−∞
m 6=0
1
m
Qm,r(r)e
imφ (20)
For Φ(r, φ) to be single-valued (Φ(r, φ) = Φ(r, φ+2pi)), the constantC has to be zero, meaning
that in general Q0,r(r) = 0. One can proceed further using the general representation of the
scattering wave function in polar coordinates
Ψ(r, φ) =
∞∑
m=−∞
gm(r)e
imφ (21)
For the class of transformations given in Eq. (1), Qm,r(r) can be written as
Qm,r(r) =
1
2i
∞∑
n=−∞
(
gn(r)
dgm∓n(r)
dr
− gm∓n(r)dgn(r)
dr
)
eins (22)
which in turn leads to the following expression for the generating scalar potential Φ(r, φ)
Φ(r, φ) =− r
2
∞∑
m=1
1
m
∞∑
n=−∞
eins
[
gn(r)
(
dgm∓n(r)
dr
eimφ − dg−m∓n(r)
dr
e−imφ
)
− dgn(r)
dr
(
gm∓n(r)eimφ − g−m∓n(r)e−imφ
)]
(23)
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It is useful to present an illustration of the potential Φ(r, φ), for various symmetry transforms,
in a specific example. Scattering off a hard circular disc potential is perfectly suited for this,
since: (i) it is easily solved analytically and (ii) it possesses all the symmetries listed above.
In particular, for this potential the rotational symmetry holds for any angle φ0. Thus, in the
following we will employ this example for illustrative reasons, despite the fact that the developed
theoretical tools are valid for the most general case of two-dimensional scattering. The wave
function of the hard disk scattering problem is given as
Ψ(r, φ) =
∞∑
m=−∞
im
(
Jm(kr)− Jm(kR)
H
(+)
m (kR)
H(+)m (kr)
)
eimφ ; r ≥ R (24)
where Jm and H
(±)
m are the m-th order Bessel and complex Hankel functions respectively [15],
while R is the disk radius. In Eq. (24) k is the wave vector of the incoming wave, assumed to lie
in the positive x direction. Thus, the function gm(r) for the hard disk potential has the form
gm(r) = e
impi/2
(
Jm(kr)− Jm(kR)
H
(+)
m (kR)
H(+)m (kr)
)
(25)
Inserting Eq. (25) into Eq. (23) we can calculate the generating potential Φ(r, φ) for the hard
disk scattering. The case of reflections with respect to the x-axis is trivial, since, if the incoming
wave vector is along the x-direction, it is an exact symmetry of the wave field. Therefore, the
divergence-free current Q and its generating potential Φ(r, φ) vanish. Next we consider the
scalar potential generating the NLC Q related to the invariance of the scattering potential under
reflections with respect to the y-axis. In Fig. 1 we show the real and imaginary part of Φ(r,φ)r
in (a) and (b) respectively, while in Fig. 2 we show the corresponding generating potential of
the NLC for the transform φ¯ = φ + pi2 (rotation by
pi
2 ). In each case, the underlying symmetry
transform is encoded in the extrema of Φ(r, φ) where the NLC locally vanish. In addition,
the potential in Fig. 1 is an odd function of φ indicating that the terms proportional to cosmφ
in Eq. (23), for the hard circular disk potential where gm(r) = g−m(r), vanish. In contrast,
the potential in Fig. 2 is locally parity symmetric, appearing as an even function around the
values −pi4 and 3pi4 . Furthermore, it can be shown that the generating potential for the transform
φ¯ = φ+ pi (reflection with respect to the origin) possesses exactly the same form as Φ(r, φ) for
the reflection with respect to the y-axis, shown in Fig. 1.
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FIG. 1. The real (a) and complex (b) part of the scalar potential Φ(r, φ) generating the non-local current
Q for scattering off a hard disk potential, with kR = 1 (R being the disk radius and k is the incoming
wave vector magnitude), in the case of reflection with respect to the y-axis. The corresponding scalar
potential for rotation by pi possesses exactly the same form.
III. ASYMPTOTICS OF THE TWO-DIMENSIONAL QUANTUM SCATTERING
In scattering problems the potential V (r) decays to zero for the radial distance approaching
infinity. Here we will assume that the decay, for sufficiently large r, is faster than 1r . All subse-
quent considerations and the theoretical framework which will be developed, refer to potentials
of this form. In this case, according to the standard treatment of quantum 2-d scattering, for
r →∞ the total wave function attains the form
Ψas (r, φ, φk) →
r→∞ e
ik·r + F¯ (φ, φk, k)
eikr√
kr
(26)
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FIG. 2. The real (a) and complex (b) part of the scalar potential Φ(r, φ) generating the NLC Q for
scattering off a hard disk potential, with kR = 1 (R is the disk radius, k is the incoming wave vector
magnitude), in the case of rotation by pi2 .
with k = |k| and φk being the angle between the vectors k and r. The first term on the r.h.s. of
Eq. (26) is the incoming wave Ψin while the second term is the outgoing one Ψout. Without loss
of generality we can make the assumption φk = 0 choosing the wave vector of the incoming
wave along the x-axis. The angular part F (φ, k) = F¯ (φ, 0, k) can be expanded in partial waves
with definite angular momentum m~ (m ∈ Z)
F (φ, k) =
+∞∑
m=−∞
fm(k)e
imφ (27)
There are some important shortcomings of the asymptotic expansion (26) w.r.t. the treatment of
symmetries. To reveal this, let us focus on finite support scattering potentials shown in Fig. 3.
For this subclass of scattering potentials V (r) is different from zero only within a finite subdo-
main D of R2 and therefore the free Schro¨dinger equation (FSE) is obeyed for r /∈ D. This
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FIG. 3. A typical quantum scattering problem off a potential of finite support in two spatial dimensions.
Within the shaded region the potential is different from zero while outside of this region it vanishes. The
plane wave Ψin (red arrow) with fixed wave vector k is incoming, while Ψout is the outgoing solution of
the corresponding Schro¨dinger equation. The total wave field at energy E = ~
2k2
2mp
is Ψ = Ψin + Ψout.
property enables some analytical calculations. Notice that the hard disk potential used to cal-
culate the generating potential in Figs. 1(a,b) and 2(a,b) is a special case of the class of finite
support potentials.
Clearly, for scattering potentials of the type shown in Fig. 3, both Ψin and Ψout should satisfy
the FSE. However, inserting the representation in Eq. (26) for the asymptotic wave field Ψas(r)
into the 2-d FSE we find
∇2Ψas(r) + 2mpE~2 Ψas(r) = e
ikrr−
5
2
(
∂2F (φ, k)
∂φ2
+
1
4
F (φ, k)
)
+O(r−3) (28)
The term on the r.h.s. of Eq. (28) is different from zero (for r <∞) unless F (φ, k) = A(k)eiφ2 ,
which is generally not the case. This dictates that the consistency of the description of the
scattering wave is recovered only after taking the limit r → ∞. But in this far field limit the
finite support potential behaves as point-like and therefore specific information concerning its
symmetries, contained in the domain D, can be lost.
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Of course, this property is blurred if the potential decays to zero smoothly for r → ∞,
since in this case the ansatz in Eq. (26) is a priori valid only at infinite distance from the origin
while the solution at finite r is in general not known analytically. In short, for scattering in
finite support potentials the asymptotic ansatz (26) does not provide a consistent description
and cannot capture important properties, such as the invariance of the potential shape under
specific coordinate transforms. This is also reflected in the divergence of the NLC Qas (or Q˜as),
calculated through Ψas(r), which possesses a behaviour of the order of r−
5
2 for r →∞. Notice
that the ansatz (26) contains a mixture of terms: the incoming component Ψin(r) which satisfies
the FSE, being an infinite sum in powers of 1√
r
, and the outgoing component Ψout(r) which
is not an exact solution of the FSE and contains only the leading term in 1√
r
expansion. This
property is the reason why both, the FSE as well as the zero-divergence condition of the NLCs
are violated by Ψas(r) with terms which are of the same order (O(r−
5
2 )) in the 1√
r
expansion.
Since both Ψin(r) and Ψout(r) should in principle fulfill the FSE for scattering in potentials
with finite support, one could define symmetry induced non-local divergence-free currents Qin
and Qout respectively. Clearly, the current Qin possesses a vanishing divergence since Ψin(r)
satisfies the FSE while the divergence of the current Qout turns out to be of the order of O(r−3)
in contrast to the violation of the FSE by Ψas(r) which is of the order of O(r−
5
2 ). Thus, the
mixing of different order terms in Ψas(r) leads to stronger violation of the zero-divergence
condition for the associated current Qas.
For scattering potentials of finite support with rotational symmetry one can replace the rep-
resentation (26) by an exact one, employing the complex Hankel functions H(±)m (x) [15] which
solve the 2-d FSE. In fact, in this case, the scattering wave Ψout(r) is given by
Ψout(r) =
∞∑
m=−∞
(
AmH
(+)
m (kr) +BmH
(−)
m (kr)
)
eimφ (29)
with Am, Bm ∈ C. Eq. (29) is compatible with the expression (26), involving outgoing asymp-
totic conditions, if we set Bm = 0 for all m and consider the leading term in the 1r expansion of
the remaining Hankel functions. Using Eq. (29) the total wave field attains the form
Ψ(r) = eik·r +
∞∑
m=−∞
AmH
(+)
m (kr)e
imφ (30)
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outside of the region D. It is straightforward to show that the symmetry induced non-local
current Q, containing the wave field Ψ(r) in Eq. (30) and its transformed counterpart Ψ(r¯),
possess a vanishing divergence. Thus, through the ansatz (29) the inconsistent treatment of
symmetries through the asymptotic form (26) is repaired. However, Eqs. (29,30) are only valid
outside of the domain D for finite support potentials with rotational symmetry. In the next
section we will develop a general scheme allowing a consistent incorporation of the symmetries
in the description of scattering for the entire class of potentials decaying to zero faster than 1r .
IV. NON-LOCAL DIVERGENCE-FREE CURRENTS AND SYMMETRY INDUCED CON-
STRAINTS
In this section we will explore the implications of the condition ∇ · Q = 0 on the form of
the scattering field without any additional assumption related to the corresponding asymptotic
behaviour. Our aim is to derive symmetry induced properties providing a wave field representa-
tion which is valid also in the near field regime. To this end, we employ the general expansion
of the scattering wave function in 2-d
Ψ(r) =
∞∑
m=−∞
gm(r)e
imφ (31)
In terms of Ψ(r) and Ψ(r¯) the vanishing of the divergence of Q reads
Ψ(r¯)
[
1
r
∂Ψ(r)
∂r
+
1
r2
∂2Ψ(r)
∂φ2
+
∂2Ψ(r)
∂r2
]
−Ψ(r)
[
1
r
∂Ψ(r¯)
∂r
+
1
r2
∂2Ψ(r¯)
∂φ2
+
∂2Ψ(r¯)
∂r2
]
= 0
(32)
Using the representation of Ψ(r) given in Eq. (31) we can reformulate Eq. (32) as follows∑
n,m
[
1
r
Pn,m(r) +
1
r2
gn(r)gm(r)(n
2 −m2) + dPn,m(r)
dr
]
ei(mφ+nφ¯) = 0 (33)
with
Pn,m(r) ≡ gn(r)dgm(r)
dr
− gm(r)dgn(r)
dr
(34)
where we have taken into account that all the transformations we are interested in, fulfill the
condition r¯ = r. In fact, Pn,m(r) has the form of a generalized current constructed from the
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components of the radial part of the wave field. Furthermore, we set: cn,m(r) ≡ 1rPn,m(r) +
1
r2
gn(r)gm(r)(n
2 −m2) + dPn,m(r)
dr
leading to the following relation
∑
n,m
cn,m(r)e
i(mφ+nφ¯) = 0 (35)
expressing the vanishing of the divergence of Q. Eq. (35) is central for the present work since
it provides the general restriction implied to the wave field Ψ by the symmetry of the scattering
potential. Notice that for m = n it holds Pm,m(r) = 0 and therefore cm,m(r) = 0. In addition
cn,m(r) is antisymmetric in the indices n,m, i.e. cn,m(r) = −cm,n(r). To further utilize
condition (35) we use the basis consisting of Hankel functions H(±)` (r) to expand the radial part
of the wave field gm(r) in equation (31) as follows
gm(r) =
∞∑
k=−∞
(
am,kH
(+)
k (r) + bm,kH
(−)
k (r)
)
(36)
with am,k, bm,k ∈ C. Inserting Eq. (36) into Eq. (35) we obtain, after some straightforward
algebraic manipulations, the constraint
∑
n,m
∑
k,`
(
k2 − `2 + n2 −m2) [an,`am,kH(+)` (r)H(+)k (r) + an,`bm,kH(+)` (r)H(−)k (r)+
bn,`am,kH
(−)
` (r)H
(+)
k (r) + bn,`bm,kH
(−)
` (r)H
(−)
k (r)
]
ei(mφ+nφ¯) = 0 (37)
holding for any r and φ. For the diagonal elements n = ` and m = k the condition in Eq. (37)
is automatically fulfilled. We will use Eq. (37) to determine the properties of the non-diagonal
elements of the matrices am,k and bm,k which are implied by the symmetries of the scattering
potential. To illustrate how this procedure works in practice we will consider case-by-case the
symmetry transforms listed in section II. The easiest way to proceed is to treat separately trans-
formations of the form φ¯ = s+ φ which are rotations from those of the form φ¯ = s− φ which
are reflections/inversions.
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A. Transformations of the form: φ¯ = s− φ
In this case we find that Eq. (37) can be written as∑
M,n
∑
k,`
{(
k2 − `2 −M2) [Λk,`n,M+n(r)− Λk,`n,−M+n(r)e−iMs]
−2Mn
[
Λk,`n,M+n(r) + Λ
k,`
n,−M+n(r)e
−iMs
]}
einseiMφ = 0 (38)
with
Λk,`n,m(r) = an,`am,kH
(+)
` (r)H
(+)
k (r) + an,`bm,kH
(+)
` (r)H
(−)
k (r) +
bn,`am,kH
(−)
` (r)H
(+)
k (r) + bn,`bm,kH
(−)
` (r)H
(−)
k (r) (39)
Condition (38) must hold for all φ and r leading to
Λk,`n,M+n(r) = Λ
k,`
n,−M+n(r)e
−iMs (40)
which is fulfilled if
aM+n,k = e
−iMsa−M+n,k ; bM+n,k = e−iMsb−M+n,k (41)
for k 6= M + n, −M + n and
aN,N = (−1)Na−N,−N ; bN,N = (−1)Nb−N,−N (42)
This class of transforms consists of reflections with respect to the x (s = 0) and the y-axis
(s = pi), as well as the exchange x↔ y with s = pi2 . It is illuminating to present the matrix form
of am,k, based on Eqs. (41,42) and their transposed, in each case:
• For s = 0 the matrix a = am,k attains the form
a =

. . . . . . . . . . . . . . . . . . . . .
. . . a−2,−2 a−2,−1 a−2,0 a−2,−1 a−2,0 . . .
. . . a−1,−2 a−1,−1 a−1,−2 a−1,1 a−1,−2 . . .
. . . a−2,0 a−2,−1 a0,0 a−2,−1 a−2,0 . . .
. . . a−1,−2 a−1,1 a−1,−2 −a−1,−1 a−1,−2 . . .
. . . a−2,0 a−2,−1 a−2,0 a−2,−1 a−2,−2 . . .
. . . . . . . . . . . . . . . . . . . . .

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• The a-matrix for s = pi becomes
a =

. . . . . . . . . . . . . . . . . . . . .
. . . a−2,−2 a−2,−1 −a−2,0 −a−2,−1 a−2,0 . . .
. . . a−1,−2 a−1,−1 −a−1,−2 −a−1,1 a−1,−2 . . .
. . . −a−2,0 −a−2,−1 a0,0 a−2,−1 −a−2,0 . . .
. . . −a−1,−2 −a−1,1 a−1,−2 −a−1,−1 −a−1,−2 . . .
. . . a−2,0 a−2,−1 −a−2,0 −a−2,−1 a−2,−2 . . .
. . . . . . . . . . . . . . . . . . . . .

• Finally, for s = pi2 the matrix am,k is written as
a =

. . . . . . . . . . . . . . . . . . . . .
. . . a−2,−2 a−2,−1 a−2,0 ia−2,−1 ia−2,0 . . .
. . . a−1,−2 a−1,−1 ia−1,−2 a−1,1 −a−1,−2 . . .
. . . a−2,0 ia−2,−1 a0,0 −a−2,−1 −a−2,0 . . .
. . . ia−1,−2 a−1,1 −a−1,−2 −a−1,−1 −ia−1,−2 . . .
. . . ia−2,0 −a−2,−1 −a−2,0 −ia−2,−1 a−2,−2 . . .
. . . . . . . . . . . . . . . . . . . . .

Similar expressions hold also for bm,k. Notice that a non-diagonal element of the matrix am,k
(or bm,k) is obtained from the non-diagonal element of the same column and the pre-previous
row (or the same row and the pre-previous column) through multiplication by i. In fact the off-
diagonal entries of the matrices am,k, bm,k are in one-to-one relation to the off-diagonal elements
of the corresponding S-matrix.
B. Transformations of the form: φ¯ = s+ φ
For this class of transformations Eq. (37) leads to the general result that the off-diagonal
matrix elements of am,k and bm,k are non-zero only for m-values differing by ∆m = 2piνs with
ν ∈ Z. Thus, the matrices a and b are in general sparse becoming sparser as the angle s becomes
smaller. Assuming that s = piq then we observe that the matrices a, b are sparser whenever q is
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closer to an irrational number becoming purely diagonal for q irrational. A simple example is
provided by the case of scattering off a potential which is symmetric under rotation by s = pi2 . In
such a case only rows differing by 4 in their row-index have non-vanishing entries and therefore
the matrix a attains the form
a =

. . . . . . . . . . . . . . . . . . . . .
. . . a−n,−n a−n,−n+1 a−n,−n+2 a−n,−n+3 a−n,−n+4 . . .
. . . 0 a−n+1,−n+1 0 0 0 . . .
. . . 0 0 a−n+2,−n+2 0 0 . . .
. . . 0 0 0 a−n+3,−n+3 0 . . .
. . . a−n+4,−n a−n+4,−n+1 a−n+4,−n+2 a−n+4,−n+3 a−n+4,−n+4 . . .
. . . . . . . . . . . . . . . . . . . . .

and similarly for the matrix b. In the limit of continuous rotational symmetry only the diagonal
elements are non-zero and the usual ansatz presented in Eqs. (29) and (30) is recovered. These
considerations complete the cases of linear symmetry transformations leaving the scattering po-
tential invariant as described in section II. The derived conditions for the non-diagonal entries
of the radial matrices a and b provide strong constraints, dictated by the symmetries of the scat-
tering potential, on the transition probabilities between different radial modes for given angular
momentum. They reduce significantly the number of coefficients in the general expansion of the
wave field with respect to the 2-d basis in polar coordinates and can simplify solving the scatter-
ing problem under consideration based on numerical methods. Clearly, our approach is general
and can be also applied to other classes of symmetry transforms according to the description in
[10]. However, such a study goes beyond the scope of the present work.
V. SUMMARY AND CONCLUSIONS
In the present work we have used the divergence free non-local currents derived in [7, 10,
12] to obtain symmetry induced general properties of the wave field for two-dimensional wave
scattering. Since the scattering boundary conditions usually break the symmetry present in the
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Hamiltonian of the considered system, the impact of the symmetries of the scattering potential
on the form of the wave field is not obvious at all. The common strategy is to consider the
problem in the asymptotic far-field regime, where informations concerning the symmetry of the
scattering potential -in particular for finite support potentials- are lost. In contrary, the approach
presented here is exact, taking into account also near field properties. Thus, our analysis reveals
the role of the symmetry induced non-local currents as an invaluable tool to achieve a consistent
quantitative description of scattering in higher dimensional problems based on first principles.
The conditions derived here are generally applicable providing a useful guide for solving 2-
d scattering problems in the presence of symmetries. They determine the relations between
transition probabilities connecting different radial modes for a given angular momentum. Here
we have restricted our study to two-dimensional problems involving specific scattering potential
symmetries. Nevertheless, the extension to higher dimensions and a wider class of symmetry
transforms is possible and will be addressed in a future work.
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